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§1 Introduction 

Let A : M — > M be an M-Lipschitz continuous function. Thus A has a derivative almost 
everywhere such that 11^4'Hl 00 = M. Let T be the Lipschitz graph parametrically defined 
by z{x) = x + iA(x) in the extended complex plane, and let Eq be a closed set contained 
in r with 

(1.1) A (B(z, r) n E ) > e r for all z G E , and all r > 0, 

where A is linear measure in the plane, B(z,r) is the open ball about z of radius r, and 
eo > 0. The constant eo is called the Carleson lower density. Any measurable subset of T 
with a positive Carleson lower density is called homogeneous in T. 

Set Q = C*\Eq, and let H°°(Q,) denote the space of bounded analytic functions on Q. 
In this paper, we prove: 

Theorem 1.1 (The Corona Theorem). Given fi,...,f n S H°°({1) and [i > with the 
property that fi < max{|/j(z)| : 1 < j < n} < 1 for every z S ft, there exist gi, . . . ,g n £ 
H°°(Q) such that f±g\ + • • • + f n 9n = 1 on Q. 

We will refer to the functions {/j}™ = i and {<7j}" = i as the corona data and corona solu- 
tions respectively, and we will refer to n and n as the corona constants. 

There is an alternative way of viewing the theorem in the language of uniform algebras. 
Let us denote by M = M(H°°{Q)) the maximum ideal space of H°°(Q). When H°°(Q) 
separates the points of 17, we can identify elements of Q with pointwise evaluation func- 
tional in M. Under this identification, the theorem becomes equivalent to determining 
whether Q is dense in Ai in the Gelfand topology. It is in this context where the theorem 
gets its name; whereby, in the special case where O is the unit disk, D, we can think of O 
as being the sun, and A4\H) as being the sun's corona. 

Lennart Carleson (1962) proved the first corona theorem for the case of the disk 
His proof was subsequently simplified (using a d equation) by Hormander |15j . and later 
by a clever proof by Wolff ([8], [E]). The theorem was swiftly adapted to the case of 
finitely connected domains (Ailing [T], [2]; Stout [S], [25], [26]; and others [6], [7], [23]). 

l 
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Each proof gave new insight into the structure of H°°. The finitely connected domain 
proofs were fundamentally based upon admixing localized corona solutions for overlapping 
simply connected components. One major drawback to this method was that the bounds 
of the corona solutions, ||<7j||oo> were dependent on the number of boundary components. 
This was an unfortunate hindrance as any planar domain can be exhausted by a sequence 
of finitely connected domains. Without a uniform bound on the corona solutions for the 
approximating domains, any method of taking normal limits was futile. In that direction, 
Gamelin [9] observed that the corona theorem for all planar domains would be true if and 
only if there existed a uniform bound for finitely connected domains which is independent 
of the number of boundary components. A proof to the corona problem for all planar 
domains remained a mystery. 

Further investigations into the corona problem revealed a connection between inter- 
polating sequences, boundary thickness, and the Cauchy transform. Along those lines, 
Carleson made another breakthrough by proving the corona theorem for domains with 
homogeneous boundary contained in the real line (homogeneous Denjoy domains). The 
significance of his result was that these domains are infinitely connected. Carleson lifted 
the corona data to the universal covering surface (where the corona solutions exist) and 
then mapped the solutions back to the original domain by an explicit projection operator 
invented by Forelli This concept was later simplified by Jones and Marshall [19J. 
They determined that if the critical points of the Green's function for a domain form an 
interpolating sequence, then there exists a projection operator and the corona theorem is 
affirmative. Moreover, they gave conditions necessary for determining when the critical 
points are indeed an interpolating sequence; one such condition can easily be proved when 
the boundary is homogeneous. Following these results, the corona problem for all planar 
domains bounded by a homogeneous subset of a graph seemed promising. 

Peter Jones was the first to propose the idea of the corona problem for domains whose 
boundary lies in a Lipschitz graph jTH]. He was motivated by the Denjoy conjecture, a 
consequence of Calderon's theorem on Cauchy integrals, which suggested that the space 
of bounded analytic functions was significantly abundant for these domains. Thereby, 
one might be able to construct "by hand" the corona solutions. As mentioned by Jones, 
the difficulty in the Lipschitz case was the lack of symmetry. At that time, the deepest 
results for the corona theorem were in the Denjoy domains (f2 = Q) as in Carleson [5], 
Jones and Marshall [TO], and Garnett and Jones [11]. These proofs made explicit use of 
the symmetry of the domains, either by confining the critical points to real intervals or 
by creating analytic functions by means of Schwarz reflection. Nonetheless, Jones (un- 
published) proved the corona theorem for domains bounded by a homogeneous subset of 
a Lipschitz graph. He constructed by hand a projection operator akin to Forelli's. 

For our proof, we work directly on the underlying space O without localizing the crit- 
ical points of the Green's function, which can be cumbersome. We divide f2 into two 
overlapping simply connected regions, Sl + and Q~ . On each region, we use Carleson's 
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simply connected result to obtain regional corona solutions, {<fy }!•_! and {g- }™ =1 - Start- 
ing in , we constructively solve a particular d equation to modify {g^Y^ =1 so that 
max,,- \g~j~(z) — gj(z)\ is reduced in the overlap of the regions. After the modification, we 

do a similar procedure in f2~ to reduce the differences even more, then iterate the proce- 
dure. The result of the iteration gets us two uniformly bounded sequences of solutions on 
each region. The d equation was constructed specifically so that the normal limits of the 
sequences agree on the overlap of the regions. 

In proving the theorem, we assume that Eq consists of a finite union of closed inter- 
vals in r, two of which are unbounded. This assumption is easily removed by a normal 
families argument provided that the number of intervals does not control the bounds of 
the corona solutions. To be clear, when we use the phrase, "J is an interval in T" we 
mean p( J) is an interval in M for the projection p : T — > R defined by p(z(x)) = x. It will 
also be convenient for us to consider the Lipschitz angle a = tan~ 1 (M) for most of our 
calculations, instead of the slope M. 

We mention here that there are two conditions equivalent to (1.1): 

Lemma 1.2. When T is an M -Lipschitz Graph and Eq C T, the following three condi- 
tions are equivalent: 

i) -Bo is homogeneous with a Carleson lower density €q. 

ii) There exists an ei > such that \p(Eq) n (x — r, x + r)| > e\r for all z = 
x + iy £ Eq, and all r > 0. 

iii) There exists an e<i > such that if we denote by J z>r = Jl U Jr the 
interval in V containing z; Jl is the subinterval having z as a right 
endpoint, and Jr is the subinterval having z as a left endpoint with 
A(Jl) = A(Jr) = r , then A(J ZjJ , n Eq) > €2r, for all z £ Eq and all 
r > 0. 

In addition, if either i) ; ii), or iii) hold, then 

iv) There exists an £3 > such that cap (B(z, r) n Eq) > e^r 
for all z G Eq, and all r > 0. 

The third item, iii), has the advantage that it applies to more general curves, while iv) 
is even more general: it says Eq is uniformly perfect (see Pommerenke |22j). The crux of 
the proof for Lemma 1.2. is based upon the relationship of the projected length: 

A (J) > \p(J)\ > cos(a)A(J) for an interval J CT. 

lr The homogeneous condition combined with the fact that Eo is closed implies that eo < 1/2. The 
reason being that a complementary open interval F C T\Eo is not empty. As such, the double of F has a 
density less than 1/2. 
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Proof of Lemma 1.2: Let us first assume that i) holds. Fix z = x + iy 6 T and r > 0. 
Since the projected mass of B(z, r) n Eq lies inside of (x — r, x + r) n p(Eq) and 



r) n E'o)! > cos(a)A (B(z, r) n Eb) > cos(a)e r, 



condition ii) holds with e\ = cos(a)eo- 

Now assume that ii) holds, and fix z G V and r > 0. By simple geometric considerations, 
we see that B(z, r cos(a)) n T C J z>r . This implies 

A( J 2>r n S ) > A {B(z, r cos(q)) n E ) 

> \ (x — r cos(q), x + r cos(a)) n p(Eq)\ > cos(a)eir. 

The last inequality is from ii). This implies condition iii) with €2 = cos(a)ei. 

Showing that iii) implies i) is simple as we can make the interval J z>r inside the ball 
B(z,r). Then condition iii) implies A(B(z,r) n Eq) > t2r. Thus Eq is homogeneous with 
a Carleson lower density €2- 

Lastly, from the proof of Theorem III. 11 in Tsuji [27], we have the relationship for 
E CT, 

cos(a)A(B(z,r) n E ) 

cap (B (z, r) n E ) > K ' \ K ' J ^. 

ze 

e o cos(a) 

This tells us that 1) implies iv) with £3 = . □ 

For the proof of Theorem 1.1, we make the additional assumption that the tangent 
to r at a point ( G T is constant whenever £ G T\Eq. This comes without any loss of 
generality. Specifically, if we write T\Eq = Ufc-Ffc, then we define (see Figure 1.) 

Cfc = tan -1 L4'(x)], when z = x + iy G F^. 



Let us now fix some notation that will be used throughout the whole paper. We define 
a tent region over an interval J = (zi, Z2) with acute angle 7 by 



■(J.7) 



z : < arg 



z - 

Z2 



Zl 
- Zl 



< 7 and < arg 



Zl - Z2 


< 7} 




_ Z — Z2 _ 
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Figure 1. The open interval Fk makes an angle with the x-axis. 

Notice that V divides the plane into two simply connected components, VL + and 
where £l + lies above V and lies below T. With these components, we fix two conformal 
maps and their inverses: 

: H+ V + (z) = ($ + (z))" 1 : fl + H+, 

and 

We ask that <£ + (oo) = oo and $~ (oo) = oo. From Caratheodory's theorem we can extend 
our maps to homeomorphisms so that <3? + : H+ —> f2 + and <I> _ : M~ — > f2~ respectively 
(see [20], Theorem I.I.). f] We will be using two facts about about <3? + and $ : 

Lemma 1.3. The closed set E + = ^ + (Eq) has a Carleson lower density e = e (eo,a) in 
R. Likewise, E~ = ^~{Eq) has a Carleson lower density e = e (eo, a) in M.. 

Lemma 1.4. For any interval Fj C T\Eq, 

<*>+ (% +(i ,. )j7) ) C T {Fji3j) for 7 < tt/12. 

Likewise, <£>~ ( T (*-(Fj),7)) c (^,37)) /or 7 <vr/12, 

where * denotes reflection across Fj. 



2 By placing suitable minus signs, we may assume that 9lc{ i l> ± (z\)} < lKe{\f r± (22)} whenever 21,22 G T 
and Wejzi} < 9te{z 2 }- 
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Lemma 1.3. tells us that homogeneity is preserved by the maps (although the Carleson 
lower densities may be different), while Lemma 1.4. tells us that obtuse tents are mapped 
into obtuse tents. It should be mentioned that tt/12 is not crucial for Lemma 1.4. We 
made this choice since the acute angle gets tripled in the lemma and, throughout this 
paper, we will only consider tents that have an acute angle less than 7r/4. 

Proof of Lemma 1.3: We use a result of Kenig [20J: if v is the measure on M 
whose density is |(3> + )'(a;)|, then v G A2 on R, where A2 is the class of Muckenhoupt. 
Now fix r > 0, x G E + , z = <3? + (x) and have / = (x — r, x + r). Write / = II U Ir, 
where II = (x — r,x] and Ir = [x,x + r) and denote K = <l> + (/), Kl = Q + (Il), and 
Kr = § + (Ir). Without loss of generality, let us assume that A(Kr) < A(K L ). The A2 
relationship gives us a lower bound for A(Kr), 

(1-2) A(K R )>±(^)\(K), 
where C2 is the A2 constant. 



Let J z be the interval inside K, as defined as in Lemma 1.2, with J z = U Jr, where 
Jr = Kr and Jl is the interval with right endpoint z and length equal to A(Kr). From 
the proof of Lemma 1.2, we know that A(EqDJ z ) > eo cos (a) A (Kr), and when we combine 
this inequality with (1.2) we have 

(1.3) 



A(£ n K) A(E nJ z ) 1 
A(K) > A(K) > e ° cos H^ 



By a result of Muckenhoupt |21j, v G A2 on R implies ^ G ^4oo on . 
constants ci > and C2 > independent of E + and r such that, 



E + H (x — r, x + r) 



(x — r, x + r) 



> ci 



r, x 



+ r))) 



C2 



A($+((a 



r, x 



+ 0)) 



ci 



Hence, there exist 



/ A(^ n^) \ C2 

v aw ; 



Combining the above relationship with ( |1.3 ), we see that E + is homogeneous with a 
Carleson lower density depending only upon eq and a. □ 



Proof of Lemma 1.4: The appearance of the * and the conjugation bar for the state- 
ment in the lower half plane arise since the tents have an orientation to be above the 
intervals. It is not difficult to see that the two statements remain alike upon modifying 
the arguments in the definition of the tents, and we will only prove the result for the 
upper half plane. 

Fix a tent domain ^ over if = ^ + (Fj) G R and write log [($ + )'] (z) = fi(z) + 

2/2 (-z) (take a principle determination). Again from Kenig [20], we have a bounded ar- 
gument for the derivative, that is 1/2(2) I < ot for all z G H. As such, we can represent 
fi{z) with a Poisson integral of the values coming from its non-tangential limits on the 
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dt 



real line: 

f2(z)- Cj = [ (f 2 (t) - Cj )P z (t) 

f(h(t)-Cj)P z (t)dt+ [ (h(t)- Cj )P x (t)dt 

lit Jm\i+ 
(/ 2 (t) - Cj )P e (t) dt. 

The final equality holds since f 2 = Cj over if . Taking absolute values of the above equality 

we get \f 2 (z) -Cj\ < 2a(l - u(z, /+, M+)). Additionally, if z € T, lf . and 7 < vr/12, then 

1/2(2) — Cj\ < Aaj/ir by taking simple estimates for harmonic measure. This lets us 
conclude that the values of the derivative lie in the cone domain: 

Cj ~ ^ < arg < Cj + ^ for z G . 



I, 
-f 



So that if we denote if = (xi,x 2 ), then 



arg 

and 
arg 



$+(z) - $+(xi) 
_$+(x 2 ) - $+(xi) 



$ + (xi) - $ + (x2) 
_ <f>+(z) - <S>+(x 2 ) 



arg 



are 



$+(x 2 ) -$+(xi) 



$ + (xi) - $ + (x2) 



< (7+ ( c i + ^p)) " c i < 3 7, 



< (vr + Cj ) - ((tt - 7) + ( Cj - < 3 7 . 

We conclude that <& + (z) lies in T^p.^y 



□ 



§2 Four Crosscuts 

Recall T\E = U^-Ffc, now let «m = (tt/2 - a)/4, and let Z)i~ = T( Fj Qm ) be the tent 
domain in il + over i 7 ,- with acute angle olm-, likewise define D~ C Cl~ . Merging the two 
tents together for all j, we make the diamonds Dj = Df U DJ. The parameters for au 
were chosen so that «m < vt/4 and PI Dt = for j / fc (see Figure 2). 

In this section, we construct four families of crosscuts that encompass the open inter- 
vals Fj and lie inside Dj. To do so, we will first need some elementary harmonic measure 
estimates. 

In the upper half plane H + , 

oj(z, E + , H + ) > e whenever z = x + iy, and x G E + . 
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This is shown by decomposing the Poisson kernel for the upper half plane into a sum of 
box kernels centered around x G E + (P z (t) = Yl k a k ^A k (t))- With this representation, 

oj(z,E + ,M + )= f P z (t)dt = ^2a k \A k nE + \>^2a k \A k \e = e. 

Je+ k k 

If we write the complement of E + in the real line as |J- Ij~ = M\E + = [Jj^ + (Fj), 
then w(z,U/+,H+) < 1 - e when 9Kt{z} G E+. This tells us that we have the bounds 
lo(z, H + ) < 1 — e on the sides of the vertical half strip defined with base extending 
vertically in the upper half plane. We can apply these bounds to get harmonic measure 
estimates on the boundaries of the diamonds: 

Lemma 2.1. If z G \J j dT (I+rf) and 7 < tt/4, then u(z, Ulf,U + ) < 1 - ^. 

Proof of Lemma 2.1: Fix z G 9T^+ ^ for some A; and normalize l£ into (— vr/2, vr/2), 

and let us denote the half strip over l£ by S + = {x + iy : —ir/2 < x < tt/2 : y > 0}. 
From the preceding remarks, 

w(z,UJ+,H+) < (1 - e ) + ew (z, [-vr/2, vr/2], 

If we write z = —tt/2 + ie* 7 , then 

d(sin(w)) 

t/2,*] 



arg [sin(z) — sin(— n/2)] = arg 



/ 



dw 



dw 



arg 



-tt/2, z] 



cos(w) 



arg 



cos(-7r/2 + se i7 )e i7 (is 









= 7 + arg 


/ sin(se* 7 ) (is 


> 7 
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By symmetry, this tells us that sin(z) ^ T^x^^ when z G 9T^+ 7 )j so that 
u(z, [-it/2, tt/2], S + ) = w(sm(z), [-1, 1], M+) < 1 - ^. 

7T 

Hence, 

U/+,H+) < (1 - e ) + e (l - 1) = 1 - fl 

7T 7T 



□ 



We remark that Lemma 2.1. can easily be proved without conformal maps but with a 
weaker bound on harmonic measure. This comes from the observation that if we denote 
by d = dist(>, E+), then \E + n 2d)| > ed. This implies for each z G Uj dT (i+ 7 ) there 

exists a subset of E + with linear measure proportionate to the distance of z and the real 
axis. The upper bounds for harmonic measure now follow from estimating the Poisson 
kernel over these sets. 

With the estimates following from Lemma 2.1, we can now define our desired crosscuts. 
If we let Pi = 1 — — — and /3 2 = 1 eQM , then from Lemma 1.4. and Lemma 2.1, 

3"7T 2 37T 



and 



7 + = (j z : W (z,u/+,H+) = ft}) = $+ (,5+) C Dj 
72 + = 1> + ({z : u(z,Ul+,W+) = /3 2 }) = C 



Similarly, we define the 7l , 7 2 , ^ , and <5 2 for the lower half planes. These will be our 
collection of crosscuts. 

Recall, a Carleson contour in the upper half plane is a countable union C of rectifiable 
arcs in H + such that for every interval Id, 

A(cn(/x (o, |/|)) < c(C) |/|. 

This implies arc length on C is a Carleson measure with constant C(C). 

Lemma 2.2. The crosscuts 5^ = jz : oj(z,UI^ ,M + ) = /orm a Carleson contour in 

H + . Likewise, 5j~ = jz : cj(z, U/~,]HI _ ) = ft j /orm a Carleson contour in M~ . 

Proof of Lemma 2.2: First we recall that <5^ = {z : uj(z, E+, M+) = 1 - ft} lies 
under the tents \J k a M ^. Next, if we write .E 4 " = \Jj[dj, bj], then 



w(z,£+,H+) = - Varg 

7T z — ' 

3 



bj - z 



l u 3 



3 We use the convention arg[oo,z] = and arg[— oo,z] = iv respectively when [a,j,bj] — [oj,co] and 
Wj,bj] = [-oo,6j]. 
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and by taking a derivative, 

u y (z) + iw x (z) = ( — — 



7T *y \Z — bj Z — dj 



Separating the real and imaginary parts gives us the ratio 



(2.1) 



U)y(z) 



E 



(bj — a,j) 3m{(z — bj)(z — aj)} 



b\ 2 



E 



(bj-aj) V\t{(z - bj)(z - aj )} 



b\ 2 



(2.2) 



Suppose z E Ufc ^(/ fe a M\, then | arg [(z — bj)(z — ctj)] \ < 2(Xm/3 f° r ah j; and since 
\3m{(z - bj)(z - aj )}\ 



It is also clear that uj y (z) > for all z in the tents, so that by comparing the like terms 
in the sums of (2.1) with the ratio in (2.2), 

u) x (z) 



Uy(z) 



< tan 

- v 3 ; 



As the curve 5f is a level set, the gradient of ui at any point is perpendicular to the 
tangent of the curve. With the above ratio, we conclude that the tangent to the level 



curves is bounded in are ument by This means that 6± is a Carleson curve with a 

constant of sec (^ 4£ ) . □ 



§3 The Regions T> + and V 

Now that we have the cross cuts {'if''} 3=1,21 we may define the following extended do- 
mains: let Vt + be the simply connected domain containing £l + that is bounded by the 
closed intervals of Eq and the bottom crosscuts 7j~. As ^f + (z) has a constant argument 
on each Fj, and the crosscuts of 7^ lie in disjoint diamonds, ^f + (z) can be extended (by 
reflecting across each Fj) to a map : £l + — > M + , where H + is the domain containing 
H+ that is bounded by E + and ^+(7^). Q 



We are not identifying the crosscuts <E I+ (7 1 ) with the crosscuts S 1 . 



Homogeneous Subsets of a Lipschitz Graph and the Corona Theorem 



11 



Interpolating Functions. A sequence {z m }^ =1 C H + is called an interpolating se- 
quence for H°°(M + ) if, whenever \w m \ < 1, there exists a function / G H°°(M + ) such 
that 

f(z m ) = w m , m = 1,2, ... 
When {z m }^ =1 is an interpolating sequence, we call the finite bound 

N{{z m },U + ) = sup inf{ ll/H : / G H°°(U + ) and f(z m )=w m ,m = l,2,...} 
KI<1 

the constant of interpolation. By a theorem of Carleson, {z m }^ =1 is an interpolating 
sequence if and only if 



<5h+ ({^m}) = inf TT 

n J- J- 



Z k 



>0; 



furthermore, we have the relationship 1/<5 H + < N < (1 — log5 H +)c/<5 H +, in which c is 
some absolute constant. For a nice discussion on interpolating sequences and a proof of 
Carleson's interpolation theorem see |10j . §VII. 



Fix A = and let {z m }^ =1 C IH + be a sequence embedded in Sf satisfying 

1 + 3pi 

\z n ~ z m \ > Ay m , n^m. 

Since the sequence lies in a Carleson contour (by Lemma 2.2) and it is hyperbolically 
separated, we know that 5^+({z m }) = C(A,e,aM) > (see [10], §VII). Carleson's inter- 
polation theorem then implies that {z m }^ =1 is an interpolating sequence for H + . It is also 
the case that {z m }^ =1 is an interpolating sequence for the extended domain M + . This 
follows from Garnett and Jones [TT] (Theorem IV. 1), and applies in our case since H + is a 
subset of a Denjoy domain. Alternatively, {z m }^ =1 can be shown to be an interpolating 
sequence for H + by a result of Gonzalez and Nicolau [13] . From their result, it suffices to 
have > for the image of {$ + (z m )} under the canonical quasi-conformal map that 
takes the domain (UjDj) U il + to the upper half plane. Since the quasi-conformal map 
is explicit, it is easy to verify; we omit the details. In any case, there exist interpolating 
functions for the domain H + with a constant of interpolation J\f = J\f(A, cxm, e)- 



Working again in the upper half plane, let B = min < A, > and denote the region 

[ 6A/ 2 J 

D + = {zeH+: w(z,U/+,H+) > ft, d{z) < , 

with d{z) = y~ l inf^ g(5 + \z — Q\. We chose A so that by Harnack's inequality T> + lies above 
62 , that is 

oj{z, U/+, H+) < p 2 , for all z G T> + (see Figure 3.). 
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~ + 




Figure 3. The region T> + lies between the curves 8^ and Jj" and separates the 
two extended half planes. 



Now fix a sequence {z^} C 5f satisfying 

(3.1) | s+ - z+| > By+, n^m, 

(3.2) inf \ Z ~*™\ < 35, /or all z E 2?+. 



The existence of such a sequence follows by taking a maximal sequence satisfying (3.1). 
We now follow a standard argument as originated in Garnett and Jones [11] (Lemma II. 2) 
and as used in Handy |14j (Lemma III. 2) to obtain a specific set of interpolation functions: 



Lemma 3.1. There exists functions {/imlm=i <- H°°(M + ) such that 



(3.3) 
(3.4) 

(3.5) 



and 



h + (z + ) = 1 
\h + \\ <M 2 



,0£M) 



z E 



Proof of Lemma 3.1: By a stopping time argument used to group {z^} into gener- 
ations (see |1U] . pg. 416), we may split {z^} into a finite union of disjoint subsequences 
Sk, 1 < k < 2P, so that 



inf 



Vl 



: Zj~, z^ E Sk, j ^ 1} > A. for all k. 
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Since the points of Sk are hyperbolically separated by A, our earlier discussion implies 
that each Sk has a constant of interpolation less than N . 

Let us restrict our attention to a fixed subsequence Sk- If we assume that Sk = 
{z\, Z2, ■ ■ • , z no } is finite, then there exists fj 6 H°°(M + ) such that ||/j||.ff°° < N and 
fj( z m) = u m i , where 00 = e 27n / n °. Moreover, if we define 

2 



' , no \ 



then h^ n (zj) = 5 m ,j and 

no no 



m=l m=l j,l 

no 



: E^I/,W| 2 <AA 2 . 

3=1 



Therefore, by exhausting each Sk and taking the normal limits, we have (3.3), (3.4), and 
(pT5j) with K = M 2 2P. □ 



The technique used above of averaging interpolating functions is due to Varopoulos 
|28j. We made our choice of J\f 2 B < 1/6 specifically so that if we write T> + as the disjoint 



union of sets T>^ C {z : \z — z£\ < 3By^}, then with (3.4) and Schwarz Lemma 



(3.6) \K( Z )\ > V 2 whenever z £ £>+. 

Since throughout this chapter we could change all plus signs to minus signs, we could 
likewise define our friends: il~ , Vl/ - , H~, T>~ , {z^}^ =1 , and {/i~}^ =1 . 



§4 Iterative Blending of Corona Solutions 

We now begin the process of "sewing" together corona solutions from the simply con- 
nected domains fi + and Q~ . Let {gj}™^ be an arbitrary corona solution set for f2 + and 

let {<?j}™ =1 be an arbitrary corona solution set for These solution sets exist from 
Carleson's simply connected corona theorem; furthermore, there is a uniform bound for 
the sets: 

hj\\ H «>(a+) ^ N and lk)Loo ( n-) ^> J = !,••-,»». 
The bound, N, depends only on the corona constants: N = N(fi, 5, n) ([10J §IIX). In this 
chapter, we are going to create a special collection of solutions {gk}™ =1 C H°°(Q + ) when 
k is even, and {f/, fe }?=i C H°°(Qr) when k is odd. 
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The First Stitchings. The first sewing of the corona solutions will be across the 
region T> + in H + . Let us denote by uj{z) = co(z,L)Ij~ as the harmonic measure for 
the open intervals (J ■ Ij in the upper half plane. Although lo(z) is not defined on the 
extended domain, we use the convention uj(z) = 2 — ui(z, Ui^, H + ) to extend uj to H + . 

(When working in H _ , we will also be denoting with ui(z) and it should be clear from 
context.) 

We can think of both {fj(z)} 1 j =l and {(7° (z)}" =1 as being defined in H + under the 
map & + (z), and we will not change our notation. On the other hand, when we write 
1 we must remember that these functions are only defined in H + between the 
curves {^' + (7 1 ~)} and {5f} (see Figure 4). Because of a calculation advantage, we have 
chosen not to sew on the + side where the corona data and solutions are originally 
defined, but instead work in the extended half planes where we have defined 
and {h+(z)}. 



i 






Q 





Figure 4. The checkered regions lie in the intersection of the domains for {ff"}™ = i 
and {g}}J= v 



Let {ip + (z), 1 — ip + (z)} be a smooth partition of unity for H + across T> + , with (p + (z) = 1 
when oj(z) < /3%. By standard arguments, |y^||V(^ + (z)| < CB^ 1 for all z G where C 
is a positive constant. Using our partition, let us piece together the two families of corona 
solutions: 

Gf = ^V + 2j(l-¥> + ) j = l,-..,n. 
These smooth functions are a well defined solution set to the corona equation 



j2mG 2 1 (z) = i 



for the region H + , but they are not necessarily analytic. Therefore, we consider a 
technique of Hormander [15] (and as used in [11] and [13] )• We seek to find functions 
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{a 2 k } C L°°(EI + ) that solve (in the sense of distributions) the d equation 



dcij k — (jfj dGf; • 



Indeed, such functions provide the necessary cancelation to make the collection 

n 

(4.1) g) = G] + i a lk ~ <i) fk j = 1, . . . , n 

k=l 

a solution set while simultaneously solving the equation dg 2 = in the sense of distribu- 
tions. Then upon modifying each a 2 k on a set of measure zero, Weyl's lemma will allow 
us to conclude that the collection {<7j}™ =1 is a bona fide corona solution set in H + . 

For our construction, we require not only that the functions {a 2 k } are bounded, but 
also have an additional convergence factor. Fix 1 > b\ > (to be determined later) and 
denote by Cb{z) as the harmonic conjugate for oj(z). Consider the equation 



l hk = G j 



Formally da 2 k = G 2 dG k , so we need to check the convergence of the sum 



2 , ,l V ff (A^iO\ \G)(QdG 2 {Q\ \hl(z)\ 



KM 2 ) I ^ 



Using (3.6) and recalling uj(C) < @2 when z G P + , 



14^)1 - 



< 



-22\ h ^)\Jl t (b 1 u u j | C _ Z | 



< 



2v, ll+MI / lW -H\ /■/■ |G?(C)ll^(C)-sg(OI|V¥» + (C)| 



* £ (&[ wW - A) ) / / + ^ d C dc 

^ ; Is | 



Before we show the above is a convergent sum, we would like to identify some key numbers 
that will appear in the iterative process. Using the notation ||-||-p+ and 1 1 - 1 1 x>— f° r the 
supremum of the modulus in the region V + and V~ respectively, let us label 



max — g™ \\^ + when m is odd, 



max||g fc — g k when m is even, 

{max||G™ +1 || : p + when m is odd, 
max ||,p_ when m is even. 
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So that in our context, 



\ a j,k( z ) 



< 



< 



{l2C)Y,\ht(z)\b^ z) -^x iyi , 



|Vp+(C)| 



d(d( 



and by using (3.5) we reduce the inequality to 



\al k (z)\ < (12C) K b^-M x lVl . 



We conclude that {a 2 - k } C L°°(H+) as it is easy to verify x\ and yi are bounded with 



N. Moreover, if we apply these bounds to the relationship (4.1 ), then we get the bounded 
equation 



xxyi, for all z G 



(4.2) m*)-Gj(z)\<Kb!t 

where K is an absolute constant which depends only upon the corona constants (//, 8, 
and n), the geometric considerations (e and ajy), and our choice of A. Lastly, under the 
map & + (z) we can regard the newly constructed {<?|}™ =1 and {G|}" =1 as being functions 

defined on f2 + . 



The Subsequent Stitchings. In the same fashion that we used to construct the rela- 



tionship (4.1 ), we could construct the third generation of solutions, {<?|}™ =1 and {G|}™ =1 , 

by stitching the newly formed {<7|}™ =1 to {gj}j =1 across the region V~ in M~ . As soon as 
the third generation of solutions are constructed, we repeat the process, just as we did in 
the first stitchings, to obtain the fourth generation of solutions, {gj}™ =1 and {G|}" =1 , by 

stitching {<?^}™ =1 to {fi^}™ =1 across V + in M + . Iterating this procedure with the sequences 



{&m}m=l> { x m}m=n anci {2/m}m=n we deduce the analogues of (4.1) and (4.2): 



(4.3) 
(4.4) 



l j,k 



k=l 



m+1 



(z)-G™+\z) 



— xl u m J - , myn 



m = 2, 3, . . . , 



m = 1,2,.... 



Since we will be referring to (4.4) many times from here, we consider some variations. 



Each variation is customized to the location of the variable z. Recall, 

when m is odd, z G H + , and z lies below 8 2 , 



m+Y i 



G 



Gf+h 



gf{z) 



when m is odd, z G H + , and z lies above 8f, 



*) 



gj l (z) when m is even, z G EI , and z lies above 8 2 , 
g" l ^ 1 (z) when m is even, z G M~ , and z lies below Sf . 
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The phrases u z lies below <5^~" and u z lies above 5f" when referring to z G H + formally 
means uj(z) > fa and w(^) < fa respectively. Similarly when z G EI - , "z lies above 
and "z lies below means tu(z) > fa and lo(z) < fa. Immediately, we obtain two 
variations: 



(4.4a) 
(4.4b) 



g™+\z)-gj-\z) 



{z)-gf-\z) 



< Kb m 132 x m y ri 

< Kb ~P 2 r ii 



m odd, z G ' 
m even, z G 



and z lies above Sf, 
and z lies below 5^ . 



We observe that in region 
V + = H + \IHI+ = {z G H + : z lies strictly below [Jlj~ and strictly above ^ + (7^)} 



we have a lower bound on harmonic measure: oj(z) > 1. With this observation and (4.4), 
we note 

\gj l+1 (z) - g™(z)\ < Kb^~^ x m y m when m is odd and z G V + . 

Under the map o $ + , we transfer the preceding relationship to the extended lower half 
plane (and repeat the construction for m even with the region V~): 



(4.4c) \gf +1 {z) - gf{z)\ < Kbg-^x mVri 
(4.4d) \gf +1 {z) - gf (z)\ < Kb^x m y ri 





H 



Figure 5. The region V+ under the map o <1> H 




when m is odd, ($ + (V + )) C H , 

when m is even, z G \P + (<fr _ (y~)) C H + . 

Prom the latter two variations and ob- 
serving that V + C ^> + ($~(V~)) and 
V~ C we deduce our first 

recursive relationship: 



(Rl) 



x\ < 2N 

<Kbrk P2 XmUm 

for m = 1,2, 



Next, let us deduce a recursive re- 
lationship for {y m }m=i- It is easy to 
verify y\ < N. Now suppose m is 
odd, then y m+2 = m&x k \\G™ +3 \\ v+ = 
^ k \\ g ^(^)+g^\l-^)\\ v+ . 
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Let us take a look at the bounds for the 



functions in the above equality. Recall, oj{z) > /3\ when z £ T> + so that (4.4) reduces to 

k m+1 WI < \G™ +1 {z)\+Kb^-^ x m y m . 



In addition, (4.4d) and the previous inequality imply 

1,(1-/82) 

m+1 'Xm+Wm+l 



\gr 2 (z)\<\gT +1 (z)\+Kb^ 2h 



< \Gl l+ \z)\ + Kb^-^x m y m + Kb^-f 2) x m+1 y m+1 . 



Since the bound for \g™ +2 {z)\ is greater than the bound for \g™ +l (z)\, we deduce that 



m+l I 



y m+2 = max ||< +%+) + < +1 (l - 



\v+ 



< max 

k 



\GT +1 (z)\ + Kb$-Mx m y m + Kb^ 2) x m+1 y m+1 



< max \\G™ +1 (z)\\ v+ + Kb^~^x m y m + K&f 1 "^ 
= y m + Kb^ x ~^x m y m + ifo^~i 2) 2: m+ iy m +i 



v+ 

m+l x m+lVm+l 



We could repeat verbatim the case where m is even, and for the case of y 2 with the 
bound ||g]||oo < ^V, so that we obtain the second recursive relationship: 



y x <N, y 2 <N + Kb ( ? M x m , 



(R2) 



1+2 < Vm + Kb^ 1 ^x m y m + Kb^ + ^ x m+1 y m+ i m = 1, 2, 



The last two terms in this expression arise from the error in stitching over two generations. 
It will be our goal to show that these errors are summable. 



§5 Convergence of x m 

In this chapter we select the factors {b m }m=i so that {x m }^ =1 S i l and {ym\m=i ^ 
simultaneously: 

Lemma 5.1. For positive constants N , K, f3\, and f3 2 , with f3i, f3 2 < 1 and (1 — /3i)/(l — 
^2) = 2, i/tere exists a sequence of positive real numbers {6 m }^ =1 u;if/i 

< inf{6 m } and b m < 1 

m 

smc/i that for any pair of positive sequences {x m }^ =1 and {y m }m=i that satisfies the dif- 
ference equations 
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(Rl) x m+1 < Kb£-M x m y m 

(R2) y m+2 <y m + Kb^-^x m y m + Kb^ 

+1 ^m+l?/m+l 



m = 1,2, . 
m = 1,2, . 



with initial data x\ < 2N, y\ < N, and y 2 < -/V + ^ 2:12/1, u>iZZ aZso satisfy 

oo 

x m < Ci < oo and sup{y m } < C2 < 00. 



m=l 



Proof of Lemma 5.1: Since the pair of sequences ({x m }^ =1 and {y m }m=i) that have 
equality holding in the initial data and equality holding in ( |R1 ) and (R2) dominate all 
admissible pairs, it suffices to solve for {b m }^ =1 for this particular pair. In addition, 
without loss of generality, we may assume that 2/1,2/2 > 1- Now, fix 1 > r > (to be 
determined later) and take b m so that 



(5.1) 



m = 1, 2, . . . . 



Next, we substitute the right hand side of the above equation to reduce (R2), 

(5.2) y m+2 = y m + b ( £^r m + r m+1 m = 1, 2, . . . . 

When m > 2, we can solve for 6 m in terms of r and y m by looking at successive generations 



of (5.1). Specifically, the right hand side of (5.1) at the m th generation is 



and by substituting the left hand side of (5.1) for x m makes 



Kbg-Mr^ym = r r < 



r. 



so that Kbg-^y, 
If we raise both sides of the above equality to the power ( 



-2, then 



(5.3a) 



&GS1-1) 



Ky„ 



For the case where m = 1 we can repeat the preceding, but with x\ = 2N to obtain 



(5.3b) 



K Vl {2N) 
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If we substitute these relations for b m and b\ into (5.2), then we have the ordinary 
difference equation: 

(5.4a) yi = iV, y 2 = N + r, y 3 = yi + K^^Nfr' 1 + r 2 , 



(5.4b) 



y m+ 2 = y m + K 2 y 2 m r m ~ 2 + r m+1 m = 2, 3, 



To get bounds for y m , we look at the difference 



1 



1 



Vm+2 — Urn 



Urn Vm+2 2/m2/m+2 



2 I Dm \ m m-2 
Vm+2 



_m+l 



<K 2 r m - 2 +r m+1 to = 2,3,... 



yrnUm+2 



The last inequality holds since 1 < • • • < y m < y m +2- By telescoping the differences, 
starting with 2/4 and 2/5 for m even and m odd respectively, 



1 ^ m m 

-- — <k 2 y r j- 2 + y r j +i = o 
m Vm+2 ft ft 

j even j even 

— <^ 2 y ^'- 2 + y 



r J + l 



2/5 2/m+2 



C(r J ) 



m even, to > 2, 



to odd, to > 3, 



j=5, 



j=5, 
j odd 



We recall, y\ = N , y 2 = N + r; and by using (5.4a) and (5.4b), 2/3 = 0(r 1 ), 2/4 = 0(1), 
and 2/5 = ©(r^ 1 ). So that for r sufficiently small, 



< C(r) < 



2/4 



\ 



A' 2 g H" 2 + g ' 1 



J=4, 
j even 



5=4, 
j even 



< 



2/m+2 



to euen, to > 2, 



< C(r) < 



2/5 



\ 



A' 2 ]T H- 2 + ^ H • 1 



1 j=5, 
\ 3 odd 



< 



j=5, . 
j odd / 



1 

2/m+2 



TO oa!e? ; TO > 3. 



Fix such an r small enough so that the above inequalities holds and make sure r > ro > 
so that, 



sup{2/ m } < C 2 (r ) and x m < 2N + ^ r m 1 < d, 



m=l 



m=2 



while 
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and 

2 2 

/ r \ f rn \ i^ft" 

1>6 » = UJ -fe) m = 2 ' 3 "' 

We conclude that inf{6 m } > 0, and thus {b m }^ =1 is our desired sequence. □ 



§6 Proof of Theorem 1.1. 

With the sequence {b m }^ =1 following from Lemma 5.1, we now show: 

sup lls^lltfocfi+l - C < 00 i = 1 > 

m even ^ 1 

and sup l^fll^g, < C < oo j = l,...,n, 

m odd 

where C is some absolute constant depending only upon eo, a, and A. We begin by looking 
at ||5 , 7 l ||^ 00 (g+) m the extended upper half plane. Fix z 6 H + and m odd. From (4.4) 



and variation (4.4a) for the regions {oj(z) < /3\}, {/3i < uj(z) < /32}, and {/?2 < u(z)} 



respectively, we have 

(6.1) \gf +1 (z) - g™~ l {z)\ < Kb^ 2 x m y m when z lies above <5+, 

(6.2) \gf +1 (z)\ < \Gf +1 {z)\ + Kb^-^x m y m when z lies below 5+ and above 6+, 

(6.3) \gj +1 {z) - gf{z)\ < Kx m y m when z lies below 6%. 

Let us treat each region as its separate own special case. 
Case i): z lies above 5± . 



From the first relationship (6.1), if we telescope the differences over the even genera- 
tions of {gj 1 }, then 



\gf + \z)\ <N+Y, Kb^XkVH <N + K( 2 -\ 1 x kVk < C < 00 

k=i, \ r o / fc=lj 

k odd k odd 

2 

since sup^jy^} < C2, 2^fc x fe < Cij and inf^l^} > (j^q-) 1 1 from Lemma 5.1. 



Case i%) z lies below St and above 8£ ■ 

For this case and the next we need some estimates similar to the ones we obtained 



when we derived the second recursive relation, (R2). Recall the relationship we have 
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from (4.4d) in this region, 

\g){z)-g° j {z)\<2N, 
and \gf{z) - g™~\z)\ < Kb { ^ ] x m . lVm ^ m odd, m > 1. 



As is an average of the two functions in the above, 

\G? +1 (z)\ = \gf(z)(l - v +(z)) + g™-\z)v + {z) 



we can create two inequalities depending on whether we choose to bound g™ +1 or g 1 - 



1. ) \Gf + \z)\ < \gf-\ 

2. ) \GJ +l {z)\ < \gf{z)\ - Kb 



z)\ + Kb^_f 2 ' 'x m _iy m _i, m odd, m > 1 



(i-fc) T 

m _l J-m- 



-lVm-i- m odd, m > 1 



If we choose the first inequality, (|6.2|) reduces to 
(6.4a) 



|^( z )|<2iV + ^6f 1 - /32) x m , 



and |<7™ +1 (z)| < bf- 1 ^)! + Kb&-M Xm y m + Kb^x m - X y m - X . 



and if we choose the second inequality (6.2) reduces to 

(6.4b) \g](z)\ <2N + Kbf 1 "^ x lVl , 

and \gf +1 (z)\ < \g?(z)\ + Kb^-^x m y m + Kb^ x m - X y m - X . 



Now for Case ii), (6.4a) unfolds to 



oo 



\g? +1 (z)\ <2N + ^ Kbf-^x k y k + £ Kb 



k=l, 
k odd 



(l-ft) 

k x k y k 



k=2, 
k even 



< 2.\ + K ( 1 J x kVk < C < oo. 

r ° ' k=l 



Case Hi) z lies below 5. 



2 ■ 



By the conformal map ^ + o<[> , we have the relationships for the m-l^ (m odd, m > 1) 
generation of (6.3) and (6.4b) respectively: 



gf{z) - g™ 1 (z)\ < Kx m -\y m -\ when z lies above * + (7 2 ), 



\gf{z)\ < \gf-\z)\ +Kb^ 2) x m -iym-i +Kb%Z? ] x m -2y m -2 

when z lies below 1 I /+ (7 2 ~) and above ^ + (^). 
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In the first event, we combine with (6.3) to get 



\gf +1 {z)\ < \g?- l (z)\+Kx m y m + Kx m -xy m -i, 



and thus 



m+l 



(z)\ < N + J2Kx k y k <C <oo. 



k=l 



In the second event, we combine with (6.3) to get 



\9f + \z)\ < \gf-\z)\ + Kx mVm + Kb^ 2) x m ^y m ^ + Kb { ^ ] 'x m „ 2 y m „ 2 , 



and thus 



\gf +1 (z)\ <N + 2KY J bt~^ ) x k y k < C < oo. 



k=i 



We conclude that Il5j l |l#oo(§+) < C for all even m, since we have bounded these func- 
tions over the whole domain H + . Similarly, (with a lower bound) we could repeat the 

< C for all m odd over the domain H~. 



above procedure to conclude that 1 1 1 1 ^ ^ 



-) 



Not only are {gj l }{m t even} an d {gj 1 } { m ,odd} uniformly bounded in their respective do- 
mains, for each j, but also their difference has a shrinking bound in the intersection of 
Q + and Q~ . We demonstrate this by showing that the sequences are uniformly Cauchy 
in r\£"o = (J • Fj in the following sense: 



Let n > m > and let z G T\E , then with ( |4.4[ ) and ( |5.1[ ) 

n-l 



n-l 



n-l 



(6.5) \g](z)-gf{z)\ < £ \g* (z) - g* +1 (z)\ < £ Kb^ h) 



k=m 



k x kVk 
k=m k=m 



Now, let {ffj"}™ =1 be the normal limit of {gj 1 }^^ c -ff°°(f2 + ) for m even, and let 
{57^i=i ^ e norma l limit of {5^}m=i C H°°(n~) for m odd. As point- wise limits 

9$(z)h{z) + 52 + (z)f 2 (z) + ■■■+ gi(z)Uz) = 1 z € fi+ 

SrW/lW + fcWaC*) + • • • + 9n(z)fn(z) = 1 z G n~. 



Moreover, (6.5) implies that gt(z) = g k (z) for all z G T\£'o- Therefore, we can merge 
the two solutions together across r\£"o, and obtain corona solutions on all of Q. □ 

For our proof, the homogeneous condition was critical. Without it, we would not have 
been able to bound the crosscuts 7^ and 7^ into the disjoint diamonds, leaving the ex- 
tended domains as multiply connected. A proof for the non-homogeneous case still eludes 
the author. One might hope to avoid this obstacle by directly applying the results of the 
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non- homogeneous cases, (e.g., the Denjoy domains). 

The present work is part of the author's Ph.D. dissertation. Most of all, the author 
would like to express his genuine gratitude to his thesis advisor, John Garnett, for countless 
hours of insightful conversations and guidance throughout the past couple years. The 
author is truly indebted for his support. 
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